The paper is studying the dynamics of twisted vortex bundles, which were detected in exper- 
I. INTRODUCTION
Theoretical and experimental investigations of various vortex structures in classical and superfluid hydrodynamics have a long history 1,2 . In particular, helix vortices, which appear in wakes of propellers and other spinning bodies, were intensively studied in classical hydrodynamics 3 . Recently, they became an object of investigation also in superfluid hydrodynamics, however, not as individual single vortices, but as bundles of helix vortices, also The goal of the present work is to suggest a more realistic and general theory.
The paper starts from the overview of the uniformly twisted vortex bundle in Sec. II. This is a generalization of the previous analysis 4 on the case when the vortex-line tension is important. The section presents the analysis of the Glaberson-Johnson-Ostermeier instability 12, 13 of the twisted vortex bundle (Sec. II C), which demonstrates that the laminar regime becomes unstable at rather weak twist. The instability can be considered as a precursor of the transition to the turbulent regime. Section III analyzes linear oscillations of the vertically uniform vortex bundle on the basis of the general theory of slow vortex oscillations developed decades ago 14 . Section IV presents the dynamical theory of a vortex bundle terminating at a lateral wall starting from the elementary case when the vortex bundle reduces to a single vortex. The balance equation for the linear and the angular momenta, and the energy are derived and then used for calculation of the vortex front velocities of propagation along and rotation around the container axis. A special attention is devoted to the limit of vanishing mutual friction (the T = 0 limit) and to qualitative comparison with the experiment.
Concluding discussion is presented in the last Sec. V. The vortex front (whorl) propagates with the velocity v f along the axis z and rotates around the axis z with the relative velocity ∆Ω = Ω f − Ω with respect to the container, the normal fluid, and the bundle stem rotating together.
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II. UNIFORMLY TWISTED STATIONARY VORTEX BUNDLE A. Continuous vorticity
We start from the purely continuum approach to superfluid vorticity neglecting quantum elastic effects (line tension of vortex lines and Tkachenko shear rigidity), which are proportional to the circulation quantum κ. So vorticity inside an untwisted vortex bundle of radius . In an untwisted bundle the vorticity ω 0 has the only axial component ω 0 = ω 0z = 2Ω. In a twisted bundle azimuthal components ω 0φ and u φ appear, but radial components ω 0r and u r still vanish. In the continuum approach the twist Q(r) can be an arbitrary function of the distance r from the axis. This is a consequence of ignoring Tkachenko shear rigidity of the crystalline vortex bundle: shear deformation of the bundle does not cost any energy. On the other hand, choosing a r-independent twist Q one may expect that Tkachenko rigidity will not have an essential effect on the twisted bundle. Later it will be shown (Sec. III B) that this expectation is true only for a stationary twist, while considering the torsional oscillation of the bundle the role of Tkachenko rigidity is important.
We are looking for the stationary twisted state in the coordinate frame rotating with the angular velocity Ω. In the continuum theory the vortex line moves with the velocity v L coinciding with average superfluid velocity v s (Helmholtz's theorem), and the vortex lines are at rest if the superfluid velocity in the rotating frame has no component normal to the vortex line. This yields the condition
One can check by substitution that the following pattern satisfies this condition:
where v 0 is a constant determined by a natural condition that the total axial mass flow
v sz (r)r dr must vanish in a closed container. In the vortex-free region R > r > R 0 the axial velocity v sz does not depend on r and if R R 0 v sz must be very small. This means that the absence of the axial mass flow requires that v sz (R 0 ) = 0 and correspondingly
In the opposite limit R 0 ≈ R the bundle occupies the whole cross-section of the container, and the axial mass flow vanishes if
Then the velocity field in the twisted bundle is
Knowing this field one can find the energy e and the angular momentum m z per unit length of the bundle. For the bundle filling the whole container (R ≈ R 0 ) they are given by
Twisting of the bundle leads to the flux of the angular moment along the vertical axis. Using the known hydrodynamic expression
for the momentum flux tensor of the superfluid component, the flux of the angular momentum along the axis z is given by
The proper thermodynamic potential for a liquid in a container rotating with constant angular velocity Ω is the Gibbs potential g = e − Ωm z . An important property of the continuous-vorticity approach is that the Gibbs potential of the uniform vortex bundle is always negative independently from how strong the twist Q is. But in the presence of quantum-vorticity effects, namely, line tension, the condition g = 0 can be satisfied as shown in the next subsection. This important for dynamics of the vortex-front propagation (Sec. IV).
B. Quantum-vorticity effect: vortex-line tension
Now we generalize the analysis of the twisted vortex bundle by taking into account vortex-line tension. The widely accepted method of dealing with the line-tension effects is the Hall-Vinen-Bekarevich-Khalatnikov (HVBK) theory 14, 15 . This theory uses the localinduction approximation, when the contribution of line tension to the energy and the superfluid velocity depends on the circulation quantum and the curvature radius of the vortex lines. Helmholtz's theorem is still valid but now the vortex velocity v L coincides with the local superfluid velocity v sl , which differs from the average superfluid velocity v s and in the local-induction approximation is given by
whereŝ = ω 0 /ω 0 is the unit vector tangent to the vortex lines, ν s = (κ/4π) ln(r v /r c ) is the line-tension parameter, and r v and r c are the intervortex distance and the core radius respectively. Then Eq. (2), which provides the condition that vortex lines are at the rest in the rotating coordinate frame, transforms to
The superfluid velocity and the vorticity fields satisfying this condition are [cf. Eq. (3)]
Further in this subsection only the case R ≈ R 0 is considered. The axial mass flow vanishes
The density of the Gibbs potential g = e − Ωm z includes the vortex line-tension term proportional to ν s :
Substituting the superfluid velocity field given by Eq. (12) and bearing in mind that the modulus of vorticity vector is ω 0 = ω 0z 1 + Q 2 R 2 one obtains that
Line tension contributes not only to the energy, but also to the momentum flux tensor, which becomes 14,15
Using this expression one can find the axial flux of the angular momentum along the axis z:
After substitution of the values of the components of the velocity v s and the vorticity ω 0 and following integration over the cross section of the cylindric container one obtains
whereν
is the renormalized line-tension parameter taking into account the bundle twist Q. The expression for the flux of the angular momentum along the axis z can be also derived from the thermodynamic definition J m = −∂e/∂∇ z ϕ| mz = −∂g/∂∇ z ϕ Ω , where subscripts mean that derivatives with respect to Q = ∇ z ϕ are taken at fixed m z or Ω respectively. But this method is complicated by the condition that the derivatives must be calculated at constant number of vortices, whereas derivation of the flux of the angular momentum from the hydrodynamic momentum-flux tensor is more straightforward.
The line tension terms ∝ ν s make possible the condition g = 0, which provides the balance of forces on the vortex front separating the vortex bundle from the vortex-free region. In the limit QR → 0 the condition g = 0 determines the angular velocity Ω = 8ν s /R 2 , at which the vortex bundle terminated at the lateral wall is in the equilibrium with the rotating container.
This velocity was found in Ref. 11. In the opposite limit QR → ∞ the condition is satisfied
at Ω = 2ν s Q/R. So the strong twist Q can facilitate the balance of forces on the vortex front and make possible the stationary motion of the vortex front without friction (see Sec. IV).
C. Stability of twisted vortex bundle
An important feature of a twisted vortex bundle is a mass flow along vortex lines. Long ago Glaberson et al. 12, 13 showed that this may course instability with respect to excitation of vortex array waves. Let us discuss the threshold for the Glaberson-Johnson-Ostermeier instability starting from the case of a uniform superfluid rotating with the angular velocity Ω.
The general spectrum of the linear plane waves propagating in a rotating superfluid
where p is the wavenumber along the z axis, k is the wave vector in the xy plane, and c T = κΩ/8π is the Tkachenko-wave velocity determined by the shear rigidity of the vortex lattice. Further in this subsection we shall neglect the Tkachenko contribution since the calculation has shown that its effect is not essential. The Landau critical velocity for the superflow along the vortex line for instability with respect to excitation of a wave with
The minimum of this velocity at small p 2Ω/ν s and large k 2Ω/ν s is the critical velocity for the Glaberson-Johnson-Ostermeier instability:
So the instability starts not from pure Kelvin waves (p k) but from waves with p k propagating normally to the rotation axis. Still it would be interesting to discuss the 
III. TORSIONAL OSCILLATIONS OF THE VORTEX BUNDLE
A. Phenomenological approach
One should expect that weak stationary uniform twisting is related with some soft (Gold- 
where I is the moment of inertia and A is torsion stiffness. The Hamilton equations are
For a plane wave ∝ e ipz−iωt propagating along the axis z these equations yield the dispersion relation
where v w = A/I is the velocity of the torsion mode. Equation (25) confirms that the quantity J m = −A∇ z ϕ can be considered as the angular momentum flux along the z axis.
The effective Hamiltonian H can be derived from the Gibbs potential of the liquid with the vortex bundle. Keeping in mind that Q = ∇ z ϕ the torsion stiffness is determined by expansion of g with respect to Q. In the continuum model, Sec. II A, this gives A = πρ s Ω 2 R 6 0 /3 for the thin bundle R 0 R and A = πρ s Ω 2 R 6 /12 for the thick bundle R ≈ R 0 .
As for the inertial term it follows from the expansion of the Gibbs potential g(Ω ) with respect to Ω − Ω = ∂ϕ/∂t. This yields the moment of inertia I = πρ s R 4 0 /2 independently of the ratio R/R 0 . Then according to Eq. (26) the oscillation dispersion relation is
for R 0 R and
for R 0 ≈ R.
B. Analysis based on the linear vortex dynamics
The simple analysis given above relied on the assumption that even in the excited state the bundle rotates as an ideal solid body with the velocity field given by Eq. (1). The assumption is not self-evident, and moreover, not always valid as demonstrated below. A more accurate approach must start from the vortex dynamics equations with proper boundary conditions.
The linear hydrodynamic equations for a superfluid with vorticity were presented in Ref.
14. For slow motion described by the plane wave ∝ e ikr+ipz−iωt these equations are:
where u and v L = −iωu are the displacement and the velocity of the vortex lines from their equilibrium positions in the xy plane, and subscripts and ⊥ denote vector components in the xy plane parallel and normal to the in-plane wave vector k. The equations correspond to the dispersion relation given by Eq. (20) with the line-tension terms ∝ ν s neglected:
The slow mode under consideration is a combination of the inertial wave (the first term The torsional oscillation mode is a plane wave along the z axis and an axisymmetric cylindric wave in the xy plane. In the configurational space in the cylindric system of coordinate the equations of motion for the axisymmetric slow mode (no dependence on the azimuthal angle φ) are
where radial (subscript r) and azimuthal (subscript φ) components correspond to the longitudinal (subscript ) and transverse (subscript ⊥) components in Eqs. (29) and Eqs. (30) respectively. The general solution of these equation finite at the axis of the container is
where J i (kr) are the Bessel functions of the first kind. The axial velocity
is determined from the incompressibility condition
The next step is to formulate proper boundary conditions. The first one is imposed on the liquid velocity and follows from the analysis of the vortex-free region, where the velocity is divergence-and curl-free. The general axisymmetric velocity field satisfying these conditions is
Here I 0 (pr) and K 0 (pr) are the modified Bessel functions of the first and the second kind.
The constant A and B are determined by the boundary condition at r = R:
and by the continuity condition on the boundary of the vortex bundle r = R 0 :
where v sr (R 0 ) and v sz (R 0 ) are the superfluid velocity components determined by Eqs. (33) and (34).
At pR 1 this imposes the following condition on the velocity at the boundary of the vortex bundle:
For a thin bundle R R 0 this reduces to the condition v sz (R 0 ) = 0, while if the vortex bundle fills the whole container (R − R 0 R 0 ), the radial velocity component must vanish:
v sr (R 0 ) = 0. This reduces to the condition 2π
v sz r dr = 0 of zero axial mass flow used for the stationary twisted state.
The second boundary condition is imposed on the shear components of the vortex-lattice stress tensor, which must vanish at the boundary of the vortex bundle 14 : 
Though this frequency only slightly differs from the frequency in Eq. (27) Thus we must take into account the Tkachenko rigidity and look for possible in-plane wavenumbers k satisfying the dispersion relation (31). The latter is a bi-quadratic equation for k so two values of k 2 are possible:
Since ω ∼ ΩR 0 p is proportional to p [see Eqs. (27) and (28)] but much larger than c T p this expression at small p reduces to
It is important that |k ± | is much larger than p but still much smaller than the inverse radius 1/R 0 . The latter condition will allow to expand Bessel functions (see below). The general solution of the boundary problem is a superposition of two modes with k + and k − :
The constants u + and u − are determined by the boundary conditions (39) and (40). In the case R 0 R the determinant of these two linear equations vanishes at the condition
Here the expression (43) for k 2 ± and the condition k ± R 0 1 were used. Equation (45) 
whereŝ is the unit vector tangent to the vortex line. Studying the effect of mutual friction one must know the external force on the whole liquid (per unit length of a vortex line):
Here the other friction parameters d and d were introduced, which were used by Bevan et al. 18 and are more convenient for the present analysis. They are connected with α and α by the relations
The vortex line goes along the container axis (the z axis) deviating from it continuously starting from some height and eventually terminates at the lateral wall. For a single vortex in the local-induction approximation the superfluid velocity is determined by the line-tension force:
Here N = dŝ/dl is the curvature vector with its magnitude equal to the inverse curvature radius. Two functions z(r) and φ(r) determine the shape of the vortex line in cylindric coordinates r, φ, z. Using Eq. (49) and the expression for the curvature vector in the cylindric coordinate frame the vector equation (47) leads to two equations for the axial and the
The third radial component of the force balance equation (47) is not an independent equation being a consequence of Eqs. (50) and (51).
Integrating Eqs. (50) and (51) over the whole vortex line (keeping in mind that the line length element is dl = dr/s r = 1 + r 2 (dφ/dr) 2 + (dz/dr) 2 dr) and taking into account the boundary conditions dz/dr = ∞ at r = 0 and dz/dr = dφ/dr = 0 at r = R one obtains
where three new mutual friction parameters related to the dissipative force ∝ d were introduced:
Equation (52) is the balance of axial forces on the vortex, while Eq. (53) is the balance of moments around the z axis. This becomes evident if one rewrites them as
where e = ρ s κν s is the energy and m z is the z angular momentum per unit length of straight vortex line far below the termination point respectively. For the vortex coaxial with the container and at the distance r 1 from the container axis The equations of the linear and and the angular momenta balance lead to the balance of the total energy, which determines the energy dissipation:
Solving Eqs. (52) and (53) one obtains
,
where Ω 0 = 2ν s /R 2 is the critical angular velocity at which the Gibbs potentials of the single vortex state below the vortex front and of the vortex-free state above the front are equal.
One cannot use these expressions directly for determination of the propagation and the 
Then
Using these values in Eq. (59) one obtains
the dissipation rate being
The general expressions for the dissipation rate and the vortex front velocity v f [Eqs.
(58) and (59)] point out that these quantities are determined not by the mutual friction parameter α only, contrary to previous estimations in the literature 9 , and in general the another parameter α also affects the results. However, in the limit of the weak friction force one may neglect a tiny difference between the factors 3 and 3.02 in the denominators of Eqs.
(62) and (63). Then according to Eq. (48) the dissipation rate and the vortex front depend only on α. In particular, in this limit the vortex front velocity is
Recently the single-vortex front dynamics was numerically simulated on the basis of the Bio-Savart law 19 . The results are in a qualitative agreement with those obtained here using the local-induction approximation. In particular, expansion of the expression (11) Another useful approximation is to assume that the shape of the end vortex segment in the front is close to a horizontal straight line between the axis (r = 0) and the wall (r = R). 
The difference with the exact solution for the weak-friction case is not so pronounced, and we shall exploit this approximation for a more complicated case of the vortex bundle.
B. Propagation of the vortex front: the energy and moment balance equations
Let us consider now a bundle terminating at the lateral wall. The part of the bundle diverging to the wall is a vortex front separating the vortex-filled and the vortex-free parts of the container (Fig. 1) . Motion of the front along the container axis is a transient process of vorticity penetration into a container in the spin-up experiments 9 . Sometimes one can find stationary states of the bundle when the front does not move along the z axis and the bundle and the front (whorl) rotate as a solid body with the angular velocity determined from the thermodynamic analysis 11 . Here we address the case of a moving front.
The front motion leads to change of the energy and the angular momentum and is accom- 
Only this purely kinematic relation provides that the moving front leaves behind it a uniformly twisted bundle in the absence of vortex reconnections.
The rotation and the vertical motion of the front with respect to the solid-body rotating container with the normal fluid lead to friction. The balance of the angular momentum around the axis z during the front motion is
The equation tells that the angular momentum brought by the angular-momentum flux J m = −∂e/∂∇ z ϕ| mz = −∂g/∂∇ z ϕ Ω is compensated by the growth of the total angular momentum (the term m z v f ) due to front propagation and by the friction torque T f r .
The balance of the linear momentum along the axis z, as we shall demonstrate below, is
The left-hand side of the equation is a driving mechanical force on the front balanced by the friction force F f r . Note that elongation of the bundle due to front propagation does not lead to variation of the linear momentum, because the latter is exactly zero above and below the front. So the mechanical force does not contain a term proportional to v f similar to the term m z v f in the balance equation (67) for the angular momentum.
It is important also to consider the balance of the energy:
The left-hand side is the rate of the energy variation due to front propagation whereas the right-hand side is the dissipation rate. The Gibbs potential density g = e − Ωm z , which appears in the left-hand side of Eq. (69), has also the dimensionality of a force and may be called effective force. It differs from the mechanical force in the left-hand side of Eq. (68) because the vortex front not only moves along the container axis, but also rotates. 
Here m z is the angular momentum per unit length of the vortex bundle far below the vortex front, and the relation
between the vortex density n v and the azimuthal superfluid velocity v sφ was used. Similarly one can check that the Magnus force contribution to the angular momentum balance equation
However, in order to derive the whole balance equations it is more convenient to start from the original hydrodynamic Euler equation for the superfluid component. For the sake of simplicity we restrict the derivation with the continuous-vorticity limit since its generalization on the case with line-tension effect and the mutual friction force is straightforward.
Then the Euler equation is
The r and z components of this vector equation in the cylindric coordinates (r, φ, z) for the axisymmetric velocity field (no dependence on φ) are
For a stationary moving vortex front ∂v sr /∂t = −v f ∂v sr /∂z and ∂v sz /∂t = −v f ∂v sz /∂z. 
the vortex front (further the argument z = −∞ is omitted) integrating Eq. (72):
Now one can determine the total variation of the linear momentum of the liquid integrating the momentum flux component Π zz = P + v 2 sz [Eq. (8)] over the cross-section of the bundle stem bearing in mind that this is a momentum only of the superfluid component and the pressure is P = ρ s µ:
Calculating integrals for the velocity field in the twisted bundle in the continuous-vorticity limit [Eqs. (3) and (4)] and using the kinematic relation (66) one can check that Eq. (76) yields exactly the left-hand side of the linear momentum balance equation (68).
Next let us calculate the total friction force and the total friction torque integrating the mutual friction force per unit volume [cf. Eq. (47)],
over the whole vortex liquid:
Here ω 0 is the absolute value of the vorticity vector ω 0 = ∇ × v s and
are the effective moments related with the dissipative parameter d. Only the vortex front region contributes to the bulk integrals, since there is no vorticity in the vortex-free region above the front, while below the front the relative velocity v L −v n has no component normal to the vortex lines and the integrand also vanishes.
The dissipation rate depends only on the dissipative mutual friction parameter d:
The explicit expressions for the friction force and the friction torque allow to derive from the balance equations the relations determining the front velocity v f and the twist Q = ∇ z ϕ:
As in the single-vortex case, the dissipative forces depend on the velocity field inside the front, and in order to find the moments m F and m T we approximate the vortex line in the front by straight line segments normal to the axis. This means that s r = 1 and s z = s φ = 0, and ω 0 = −∂v φ /∂z. After integration over z Eq. (79) reduces to
The further analysis restricts itself with the case of the bundle occupying the whole cross-section of the container (R ≈ R 0 ). Let us neglect first the line-tension effect using the relations given in Sec. II A. In the limit of strong dissipative friction parameter d compared to 1 − d v f and Q are expected to be small and the expansion in Q reduces Eq. (81) to From the position of the nowadays discussions of the T = 0 limit it is interesting to consider the opposite case of vanishing mutual friction d, d → 0. In this limit both the front velocity v f and Q grow and
Thus with vanishing mutual friction the twist become extremely large, while the vortex front velocity v f vanishes in this limit. At the same time the relative angular velocity Ω f − Ω = Qv f remains finite and the front rotation is the most important source of energy dissipation. However, one should remember that friction will not fully disappear even in the only for large QR, and using the expressions of Sec. II B in this limit Eq. (81) yields:
The Glaberson-Johnson-Ostermeier instability at strong twist also puts possibility to reach this state in the laminar regime in question. However, this option can revive above the instability threshold, where strong oscillations can increase the energy e allowing to reach the condition e − Ωm z = 0 at larger vortex number and weaker twists (see discussion in the next section). The analysis of the vortex-front propagation was performed under the assumption that the vortex bundle below the front fills the whole container cross-section. But vortex-line tension always leads to the vortex-free region near the container lateral wall 14,15 at the equilibrium. So the analysis was done for the number of vortices exceeding the equilibrium vortex number. In the experiments on the vortex-front propagation one may expect that the number of vortices in the bundle is determined not by the condition of equilibrium but the conditions of creation of the vortex bundle at the container bottom, and this number could be more or less than the equilibrium value. Knowing this number one can generalize the present analysis including the effect of the vortex-free region. This effect was neglected for the sake of simplicity, but taking it into account would result in more accurate numerical coefficients in our final expressions.
Another essential assumption of the analysis was strong pinning of the vortex bundle at the bottom, which provided the constant angular-momentum flux towards the vortex front. Though pinning at the lower end of the bundle is quite possible, especially if the "bottom" is in fact an interface separating the B phase from the A phase with the periodical vortex structure, one may address also the case without pinning. Then coupling between the vortex bundle and the container can be provided only by mutual friction. This would slightly complicate the analysis since the angular-momentum flux proportional to the twist will be not uniform along the container axis. The numerical calculations by Eltsov 20 , who neglected pinning at the bottom, showed that the twist varied behind the vortex front rather slowly, nevertheless. Then one may use the present analysis assuming that the bundle twist in the theory is the twist well behind the vortex front but still rather far from the bottom.
The important question, which attracted great attention in the literature on superfluid vortex dynamics nowadays, is: What is dynamics of the vortex front in the limit of vanishing mutual friction (the T = 0 limit)? Physical and numerical experiments provided evidence that at low temperatures the laminar regime transforms to the turbulent regime. The
Glaberson-Johnson-Ostermeier instability of the laminar regime at growing twist can be considered as a precursor of this transformation. The instability condition is determined by the twist Q whereas earlier they supposed 5, 6, 8 that the transition to turbulence is governed by the ratio 1 − α /α, which is the quality factor for Kelvin waves. However, the twist Q is connected with 1 − α /α, and using this connection [Eq. (83)] the laminar-regime stability condition given by the inequality (23) can be rewritten as
The right-hand side of the inequality is rather small at a large number of vortices. So the 
